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Abstract

We prove that the Fisher information is monotone decreasing in time along solutions of the space-

homogeneous Boltzmann equation for a large class of collision kernels covering all classical

interactions derived from systems of particles. For general collision kernels, a sufficient condition

for the monotonicity of the Fisher information along the flow is related to the best constant for an

integro-differential inequality for functions on the sphere, which belongs in the family of the Log-

Sobolev inequalities. As a consequence, we establish the existence of global smooth solutions to the

space-homogeneous Boltzmann equation in the main situation of interest where this was not

known, namely the regime of very soft potentials. This is opening the path to the completion of both

the classical program of qualitative study of space-homogeneous Boltzmann equation, initiated by

Carleman, and the program of using the Fisher information in the study of the Boltzmann equation,

initiated by McKean. From the proofs and discussion emerges a strengthened picture of the links

between kinetic theory, information theory and log-Sobolev inequalities.
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Appendices

Appendix A: Numerical computations with collision kernels

Our objective in this section is to explain our numerical tests, and report the results about collision

kernels associated with inverse power-law potentials in two and three dimensions. We recall that

their kernels are factorized and \(\alpha (r) = r^{\gamma}\). In particular, Theorem 1.2 can be

applied if \(|\gamma |\le 2 \sqrt{\Lambda _{b}}\).

We verify that these collision kernels satisfy the inequality (1.7) with some reference kernel \(b_{0}

= b_{\omega}\) of the form (9.1) for some weight function \(\omega \geq 0\).

1.1 A.1 Computation of the collision kernel for inverse power laws

While the Boltzmann collision operator makes sense for a variety of collision kernels \(B\), only

some of them are derived starting from a system of interacting particles. The formulas to compute

the collision kernel from a general interaction potential can be found in [38, Chap. 1] or in [9]. They

are defined after a few steps involving implicit formulas that we explain below.

In the case of a repulsive power-law potential of the form \(\psi (r) = \psi _{0} r^{-q+1} / (q-1)\), the

collision kernel \(B(r, \cos \theta )\) takes the form of the product of two functions \(B = \alpha (r/2)

b_{col}(\cos \theta )\), where \(\alpha (r) = r^{\gamma}\) for \(\gamma = (q-2d+1)/(q-1)\) and \

(b_{col}(\cos \theta )\) being a spherical kernel with a singularity at \(\theta = 0\).

To explain the formula for \(b_{col}(\cos \theta )\), we should first compute the deviation angle \

(\theta \) as a function of the impact parameter \(p\) as

Here, \(r_{0}\) is defined to be the positive root of

$$ \theta (p) := \pi - 2p \int _{r_{0}}^{\infty } \frac{\; \mathrm{d}r}{r^{2} \sqrt{1-\frac{p^{2}}

{r^{2}}-\frac{4\psi _{0}}{r^{q-1}}}}. $$

$$ 1 - \frac{p^{2}}{r_{0}^{2}} - \frac{4 \psi _{0}}{r_{0}^{q-1}} = 0. $$
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And then, the collision kernel \(b_{col}\) is given by

The parameter \(\psi _{0}\) can be scaled out. It becomes a multiplicative factor of the form \(\psi

_{0}^{2s}\) in front of the formula for \(b_{col}(\cos \theta )\). We can assume without loss of

generality that \(\psi _{0} = 1/4\).

The formula for \(b_{col}\) described above is admittedly complicated. We cannot write an explicit

formula for \(b_{col}(\cos \theta )\). A few asymptotic properties can be established and are

standard. We know its behavior as \(\theta \to 0\). For \(2s = (d-1)/(q-1)\), we have

It is not too difficult to compute the values \(b_{col}(\cos \theta )\) numerically, by basically

following the same steps described above.

1.2 A.2 The three dimensional case

Let us focus on the three dimensional case: \(d=3\).

In dimension three, it can be verified that \(b_{col}(\cos \theta )\) converges to a constant away

from \(\theta =0\) as \(q \to \infty \) (and equivalently \(s\to 0\)). Thus, the collision kernel of

inverse power-law potentials converges to the standard hard-spheres kernel as \(q \to \infty \).

The fractional Laplacian \((-\Delta )^{s}\) on the sphere \(S^{2}\) is defined using spectral calculus

in terms of how it acts on spherical harmonics

The kernel of \((-\Delta )^{s}\) on the sphere \(S^{2}\), which we may write \(b_{(-\Delta )^{s}}

(\cos \theta )\), has a similar asymptotic behavior as the collision kernel \(b_{col}(\cos \theta )\).

There is no explicit formula for \(b_{(-\Delta )^{s}} \) either. It can be written in the form (9.1) with

$$ b_{col}(\cos \theta ) = -\left ( \frac{p}{\sin \theta (p)} \right )^{d-2} \frac{dp}{d\theta}. $$

$$ \lim _{\theta \to 0} \left \{ b_{col}(\cos \theta ) \theta ^{d-1+2s} \right \}= \frac {1}{q-1} \left (

\sqrt{\pi} \frac{ \Gamma (q/2)}{\Gamma (q/2-1/2)} \right )^{2s}. $$

$$ (-\Delta )^{s} Y_{\ell}^{m} = \lambda _{\ell}^{s} Y_{\ell}^{m}. $$

$$ \omega _{s}(t) = t^{-1-s}/C_{s}, $$
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where

If we consider other weight functions \(\omega (t)\) which are comparable to \(\omega _{s}(t)\) as \

(t \to 0\), we obtain other kernels \(b_{\omega}\) with the same asymptotic behavior at \(\theta \to

0\) as \(b_{(-\Delta )^{s}}\), which coincides with the asymptotic behavior of \(b_{col}\). For any

such kernel, we are able to precisely compute the limit

Thus, the challenge to compute the constants \(c_{1}\) and \(C_{2}\) in the inequality (1.7) arises

mostly from values of \(\theta \) that are not too close to zero or \(\pi \).

Computing \(b_{\omega}\) numerically is nontrivial. All we know is that the integro-differential

operator with kernel \(b_{\omega}\) has the spherical harmonics as eigenfunctions with

computable eigenvalues. For any smooth function \(f\), we can compute the integro-differential

operator

by decomposing the function \(f\) as a sum of spherical harmonics and multiplying each term by the

corresponding eigenvalue. We must reverse engineer the kernel \(b_{\omega}\) from the values of

this operator. A simple way to achieve it is by considering a function \(f\) which is smooth but it is

very concentrated around \(\sigma ' \cdot e_{1} = x_{0}\). From the value of \(\mathcal

{B}_{\omega }f(e_{1})\), we estimate the value of \(b_{\omega}(x_{0})\). To implement this

computation with reasonable accuracy, we need to use a large resolution and many modes. This

method works farily well, especially if \(\theta \) is not too close to zero. As we discussed before, we

already know the approximate value of the ratio \(b_{col}/b_{\omega}\) when \(\theta \) is almost

zero.

Using the ideas above, we ran numerical simulations to estimate the ratio of \(c_{1}/C_{2}\) for the

inequality (1.7). When we compared the collision kernel \(b_{col}\) with the kernel of the spherical

fractional Laplacian, we observed that \(c_{1}/C_{2}\) is approximately 0.71 for \(s = 3/4\). The ratio

improves as \(s \to 1\). We experimented with reference kernels of the form (9.1) with different

$$ C_{s} = \int _{0}^{\infty }(1-e^{-t}) t^{-1-s} \; \mathrm{d}t = - \Gamma (-s). $$

$$ \lim _{\theta \to 0} \frac{b_{col}(\cos \theta )}{b_{\omega}(\cos \theta )}. $$

$$ \mathcal {B}_{\omega }f (\sigma ) := \int _{S^{d-1}} (f(\sigma ') - f( \sigma )) b_{\omega}

(\sigma ' \cdot \sigma ) \; \mathrm{d}\sigma ', $$
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weight functions \(\omega (t)\) of the form \(\omega (t) = t^{-1-s} \omega _{1}(t)\), for some

nonnegative function \(\omega _{1}\) so that \(\omega _{1}(0)=1\).

The kernel \(b_{\omega}\) matches the collision kernel of power-law potentials \(b_{col}\) very

closely for \(s \in [3/4,1)\) with the following choice of weight function

In this case, we obtained that (1.4) holds for \(2s \in [1.5, 2)\) with \(c_{1}/C_{2} > 0.95\). Table 1

summarizes some of the results we got from the numerical computations for various values of the

exponent \(q \in (2,7/3]\). The computed lower bound for \(2\sqrt{\Lambda _{b}}\) is confortably

above the value of \(|\gamma |\) in every case.

Table 1 Numerical computations of a lower bound for \(2\sqrt{\Lambda_{b}}\) in 3D

Full size table

The weight function (A.1) was obtained by guessing, trial and error. We do not claim that \(b_{col}\)

is an exact scalar multiple of \(b_{\omega}\) for the weight \(\omega \) given by (A.1). All that

numerical simulations show is that these two kernels are very close to each other, more than enough

of what we need to apply the inequality (1.4). It is possible that a further adjustment of the weight \

(\omega \) produces an even better approximation of \(b_{col}\). It is tempting to believe that there

exists some weight \(\omega \) for which \(b_{\omega }= b_{col}\). For now, that weight seems very

difficult to find.

The lower bounds for \(2\sqrt{\Lambda _{b_{\omega}}}\) in Table 1 are computed using

Proposition 9.4, for the kernel \(\omega \), and Proposition 2.5 with the value of \(c_{1}/C_{2}\)

obtained numerically.

The code for our numerical experiments in 3D, with appropriate documentation, can be found in

[29].

$$ \omega (t) := \left \{ 1 - \min \left ( \frac{13}{8} - \frac {3}{2} s, \frac {4}{10} \right ) (1-\exp

(-2t)) \right \} t^{-1-s}. $$

(A.1)
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1.3 A.3 The two dimensional case

In 2D, we started with basic numerical computations comparing the kernel \(b_{col}\) for inverse

power-law collision operators with the kernel \(b_{s}\) of the fractional Laplacian. In this case,

when \(q > 2\), we have \(s \in (0,1/2]\) and \(\gamma \in (-1,1)\). For \(q \in (3/2,2)\), we have \(2s

\in (1/2,1)\) and \(\gamma \in (-3,-1)\). The optimal ratio \(c_{1}/C_{2}\) for which (1.7) holds

seems to equal one for \(q = 2\) (\(s \to 1/2\)) and changes monotonically with respect to \(q\) in

both directions. For \(s=0.1\) (which corresponds to \(q=11\)), we get \(c_{1}/C_{2} \approx 2/3\).

We use Corollary 9.10 to estimate the parameter \(\Lambda _{b_{s}}\) and (1.7) to get a lower bound

for the kernel \(b\) in each case. The lower bound we obtain for \(\Lambda _{b}\) with this basic

computation is good enough to apply our Theorem 1.2 except when \(q\) is very close to \(3/2\). The

assumption of Theorem 1.2 is satisfied by a confortable margin certainly for \(q>2\). Table 2

summarizes the results of the computation.

Table 2 Numerical computations of a lower bound of \(2\sqrt{\Lambda_{b}}\) in 2D. Use of

kernels associated with the fractional Laplacian

Full size table

It is interesting to remark that as \(q \to \infty \) and \(s \to 0\), the operator ℬ corresponding to \

(b_{col}\) converges to the 2D hard-spheres model. The value of \(C_{P}\) in Proposition 7.1

converges to the corresponding one for hard spheres and also does the lower bound for \(b_{col}\).

Thus, the limit of \(\Lambda _{b}\) as \(s \to 0\) cannot be smaller than the one for hard spheres,

which is \(\sqrt{2}\). This will not necessarily be reflected by the numerical computations, because

they do not rely on the formula of Proposition 7.1 to estimate \(C_{P}\). They are based purely on

pointwise upper and lower bounds between the kernel \(b_{col}\) and the reference kernel \(b_{0}\)

of the fractional Laplacian. This analysis shows, however, that the assumption of Theorem 1.2 will

surely hold for power-law potentials in 2D when \(q\) is large enough.

Note also that the hard spheres kernel in 2D (which coincides with the limit of the power-law

kernels as \(q \to \infty \)) has the explicit formula \(b(\cos \theta ) + b(\cos (\pi -\theta )) = \sin

(\theta /2) + \cos ( \theta /2)\). For \(s\) small (and \(q\) large), the power-law collision kernels in

2D will not be monotone decreasing for \(\theta \in [0,\pi /2]\). Thus, there is no hope to write them

exactly in the form (9.1).
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For \(q\) close to \(3/2\), the computation comparing the collision kernel with the fractional

Laplacian are not good enough to ensure the assumption of Theorem 1.2. Thus, we will use an ad-

hoc weight function \(\omega \) as we did for the 3D case. We compared numerically the collision

kernel for power-law potentials in 2D with \(q \in [3/2,2]\) with the collision kernel of the form (9.1)

with the weight

We got the results summarized in Table 3.

Table 3 Numerical computations of a lower bound of \(2\sqrt{\Lambda_{b}}\) in 2D. Use of

kernels associated with another subordinate diffusion

Full size table

In all cases, we get lower bounds for \(\Lambda _{b}\) for which our assumption for Theorem 1.2 is

satisfied by a confortable margin.

Appendix B: Vector fields generating rotations

Following [16], we construct a family of vector fields \(\mathfrak{b}_{1}, \dots ,

\mathfrak{b}_{N}\), for \(N=d(d-1)/2\) that are tangential to the sphere \(S^{d-1}\) and generate

the Lie algebra \(so(d)\). They can be used as an alternative to the transformations \(P_{\sigma

,\sigma '}\) described in Sect. 4.3 to derive formulas that involve \(\Gamma ^{2}_{\Delta ,\mathcal

{B}}\) and \(\nabla \mathcal {B}f\).

For \(d=2\), we would consider just the single vector field \(\mathfrak{b}_{1}(\sigma ) = \sigma

^{\perp}\).

In three dimensions \(d=3\) it is the set of three vector fields used in [16].

$$ \omega (t) = t^{-1-s} \left \{ 1 + 2 (2s-1)^{2} (1-\exp (-2t)) \right \}. $$

$$ \mathfrak{b}_{1}(\sigma ) = \begin{pmatrix} 0 \\ -\sigma _{3} \\ \sigma _{2} \end{pmatrix} ,

\qquad \mathfrak{b}_{2}(\sigma ) = \begin{pmatrix} \sigma _{3} \\ 0 \\ -\sigma _{1}

\end{pmatrix} , \qquad \mathfrak{b}_{3}(\sigma ) = \begin{pmatrix} -\sigma _{2} \\ \sigma _{1}

\\ 0 \end{pmatrix} . $$
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In higher dimension \(d \geq 4\), there are \(d(d-1)/2\) vector fields that general the Lie group \

(so(d)\). They can be written in terms of pairs of indices \(1 \leq i < j \leq d\) as

The flow of the vector field \(\mathfrak{b}_{ij}\) consists in a rotation of the sphere on the \(ij\)-

plane. In particular, the flow of any of these vector fields is an isometry, and the vector fields are

divergence free.

By reindexing if necessary, we write these vector fields as \(\mathfrak{b}_{1},\dots

,\mathfrak{b}_{N}\).

The following simple lemma is justified in [16].

Lemma B.1

Gradient and Laplacian through the \(\mathfrak{b}_{i}\)’s

For any smooth functions \(f,g:S^{d-1} \to \mathbb{R}\), we have

With the help of these vector fields, we can provide an explicit expression for \(\Gamma

^{2}_{\mathcal {B},\Delta}(f,f)\).

Lemma B.2

Iterated carré du champ through the \(\mathfrak{b}_{i}\)’s

For any smooth function \(f : S^{d-1} \to \mathbb{R}\), we have,

(B.1)

$$ \mathfrak{b}_{ij}(\sigma ) = \sigma _{i} e_{j} - \sigma _{j} e_{i}. $$

$$\begin{aligned} \Delta f &= \sum _{i=1}^{N} \mathfrak{b}_{i} \cdot \nabla ( \mathfrak{b}_{i}

\cdot \nabla f), \\ |\nabla f|^{2} &= \sum _{i=1}^{N} (\mathfrak{b}_{i} \cdot \nabla f)^{2}, \\

\nabla f \cdot \nabla g &= \sum _{i=1}^{N} (\mathfrak{b}_{i} \cdot \nabla f)(\mathfrak{b}_{i}

\cdot \nabla g). \end{aligned}$$
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In particular, \(\Gamma ^{2}_{\mathcal {B},\Delta}(f,f) \geq 0\).

We first prove the following technical lemmas.

Lemma B.3

Given \(b : \mathbb{R}\to \mathbb{R}\), consider the function from \(S^{d-1} \times S^{d-1}\) given

by \((\sigma ,\sigma ') \mapsto b(\sigma \cdot \sigma ')\). Then, for any of the vector fields \

(\mathfrak{b}_{k}\) on \(TS^{d-1}\), we have

Proof

We start with the explicit computations

Since \(\mathfrak{b}_{k}(\sigma ) \in T_{S^{d-1}}(\sigma )\), then \(\mathfrak{b}_{k}(\sigma )

\perp \sigma \). Thus,

The vector field \(\mathfrak{b}_{k}(\sigma )\) is given by \(\mathfrak{b}_{k}(\sigma ) =

A_{k}\sigma \) for some antisymmetric matrix \(A_{k}\). In particular, it extends as a linear

operator in \(\mathbb{R}^{d}\) and \(\mathfrak{b}_{k}(\sigma ) - \mathfrak{b}_{k}(\sigma ')

\perp \sigma - \sigma '\). Therefore \(\mathfrak{b}_{k}(\sigma ) \cdot (\sigma '-\sigma ) =

\mathfrak{b}_{k}( \sigma ') \cdot (\sigma '-\sigma )\), and we get

$$ \Gamma ^{2}_{\mathcal {B},\Delta}(f,f) = \frac {1}{2} \sum _{i=1}^{N} \int _{S^{d-1}} \bigg(

b_{i}(\sigma ') \cdot \nabla f(\sigma ') - b_{i}( \sigma ) \cdot \nabla f(\sigma )\bigg)^{2} b (\sigma

' \cdot \sigma ) \; \mathrm{d}\sigma '. $$

$$ \mathfrak{b}_{k}(\sigma ) \cdot \nabla _{\sigma }[b(\sigma \cdot \sigma ')] = -

\mathfrak{b}_{k}(\sigma ') \cdot \nabla _{\sigma '} [b( \sigma \cdot \sigma ')]. $$

$$\begin{aligned} \nabla _{\sigma }[b(\sigma \cdot \sigma ')] &= b'(\sigma '\cdot \sigma ) \

\sigma ', \\ \nabla _{\sigma '} [b(\sigma \cdot \sigma ')] &= b'(\sigma '\cdot \sigma ) \ \sigma .

\end{aligned}$$

$$\begin{aligned} \mathfrak{b}_{k}(\sigma ) \cdot \nabla _{\sigma }[b(\sigma \cdot \sigma ')] &=

b'(\sigma '\cdot \sigma ) \ \mathfrak{b}_{k}(\sigma ) \cdot \sigma ' \\ &= b'(\sigma '\cdot \sigma )

\ \mathfrak{b}_{k}(\sigma ) \cdot ( \sigma '-\sigma ). \end{aligned}$$
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 □

Lemma B.4

For any of the vector fields \(\mathfrak{b}_{i}\) on \(TS^{d-1}\), the following expression holds

Proof

Without loss of generality, we assume that the kernel \(b\) is smooth. The general case follows by a

standard approximation procedure.

We differentiate within the integral expression for ℬ

We apply Lemma B.3 for the second term.

We integrate by parts the second term recalling that \(\mathfrak{b}_{i}(\sigma ')\) is divergence

free.

$$\begin{aligned} \mathfrak{b}_{k}(\sigma ) \cdot \nabla _{\sigma }[b(\sigma \cdot \sigma ')] &=

b'(\sigma '\cdot \sigma ) \ \mathfrak{b}_{k}(\sigma ') \cdot (\sigma '-\sigma ) \\ &= -b'(\sigma

'\cdot \sigma ) \ \mathfrak{b}_{k}(\sigma ') \cdot \sigma \\ &= -\mathfrak{b}_{k}(\sigma ') \cdot

\nabla _{\sigma '} [b(\sigma \cdot \sigma ')]. \end{aligned}$$

$$ \mathfrak{b}_{i}(\sigma ) \cdot \nabla _{\sigma }\mathcal {B}f = \int _{ \sigma ' \in S^{d-1}}

(\mathfrak{b}_{i}(\sigma ') \cdot \nabla f' - \mathfrak{b}_{i}(\sigma ) \cdot \nabla f) b(\sigma

'\cdot \sigma ) \; \mathrm{d}\sigma '. $$

$$\begin{aligned} \mathfrak{b}_{i}(\sigma ) \cdot \nabla _{\sigma }\mathcal {B}f &=

\mathfrak{b}_{i}(\sigma ) \cdot \left ( \int (f'-f) b(\sigma ' \cdot \sigma ) \; \mathrm{d}\sigma '

\right ) \\ &= \int -\mathfrak{b}_{i}(\sigma ) \cdot \nabla f \ b(\sigma ' \cdot \sigma ) + (f'-f)

\mathfrak{b}_{i}(\sigma ) \cdot \nabla _{\sigma }[b( \sigma ' \cdot \sigma )] \; \mathrm{d}\sigma

' \end{aligned}$$

$$\begin{aligned} &= \int -\mathfrak{b}_{i}(\sigma ) \cdot \nabla f \ b(\sigma ' \cdot \sigma ) -

(f'-f) \mathfrak{b}_{i}(\sigma ') \cdot \nabla _{\sigma '} [b( \sigma ' \cdot \sigma )] \;

\mathrm{d}\sigma ' \end{aligned}$$

Your privacy, your choice

We use essential cookies to make sure the site can function. We, and our 92 , also use optional

cookies and similar technologies for advertising, personalisation of content, usage analysis, and social media.

By accepting optional cookies, you consent to allowing us and our partners to store and access personal data

on your device, such as browsing behaviour and unique identifiers. Some third parties are outside of the

European Economic Area, with varying standards of data protection. See our privacy policy for more

information on the use of your personal data. Your consent choices apply to springer.com and applicable

subdomains.

You can find further information, and change your preferences via 'Manage preferences'.

You can also change your preferences or withdraw consent at any time via 'Your privacy choices', found in the

footer of every page.

We use cookies and similar technologies for the following purposes:

Store and/or access information on a device

Personalised advertising and content, advertising and content measurement, audience research
and services development

https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement
https://link.springer.com/privacystatement


 □

We can now prove Lemma B.2.

Proof of Lemma B.2

By definition

using Lemma B.1,

we apply Lemma B.4 for the second term,

 □

Rights and permissions

$$\begin{aligned} &= \int (\mathfrak{b}_{i}(\sigma ') \cdot \nabla f' -\mathfrak{b}_{i}( \sigma )

\cdot \nabla f) \ b(\sigma ' \cdot \sigma ) \; \mathrm{d} \sigma '. \end{aligned}$$

$$\begin{aligned} \Gamma _{\mathcal {B},\Delta}^{2}(f,f) ={}& \frac {1}{2} \mathcal {B}

\Gamma _{\Delta}(f,f) - \Gamma _{\Delta}(f,\mathcal {B}f) \\ ={}& \frac {1}{2} \int \left ( |\nabla

f(\sigma ')|^{2} - |\nabla f( \sigma )|^{2} \right ) b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma '

\\ &{}- \nabla f(\sigma ) \cdot \nabla \left ( \int (f'-f) b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma

' \right ), \end{aligned}$$

$$\begin{aligned} &= \sum _{i} \frac {1}{2} \int \left ( (b_{i}(\sigma ') \cdot \nabla f')^{2} - (b_{i}

( \sigma ) \cdot \nabla f)^{2} \right ) b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma ' \\ &\qquad -

\bigg( b_{i}(\sigma ) \cdot \nabla f(\sigma ) \bigg)\left ( b_{i}( \sigma ) \cdot \nabla \int (f'-f)

b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma ' \right ), \end{aligned}$$

$$\begin{aligned} &= \sum _{i} \frac {1}{2} \int \left ( (b_{i}(\sigma ') \cdot \nabla f')^{2} - (b_{i}

(\sigma ) \cdot \nabla f)^{2} \right ) b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma ' \\ &\qquad -

\bigg( b_{i}(\sigma ) \cdot \nabla f(\sigma ) \bigg) \left ( \int \big(b_{i}(\sigma ') \cdot \nabla f'-

b_{i}(\sigma ) \cdot \nabla f \big) b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma ' \right ) \\ &=

\sum _{i} \frac {1}{2} \int \left ( b_{i}(\sigma ') \cdot \nabla f' - b_{i}(\sigma ) \cdot \nabla f \right

)^{2} b(\sigma '\cdot \sigma ) \; \mathrm{d}\sigma '. \end{aligned}$$
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